Abstract. In this note, we prove a formula for the Fourier transform of spherical Bessel functions over complex numbers, viewed as the complex analogue of the classical formulae of Hardy and Weber. The formula has strong representation theoretic motivations in the Waldspurger correspondence over the complex field.
for y ą 0, where epxq " exp p2πixq and J ν pxq is the Bessel function of the first kind of order ν. This formula is valid when Re ν ą´1. In other words, the Fourier transform of x´1 2 J ν`4 πx 1 2˘i s equal to x´1 2 J 1 2 ν`π x´1˘up to an exponential factor. Second, the identity of Hardy is of the same nature, which involves the modified Bessel function K ν of the second kind of order ν, (see [EMOT1, 1.13 with |Re ν| ă 1.
Taking ν " 2k´1 in (1.1), with k a positive integer, the Bessel function of order 2k´1, respectively k´1 2 , is attached to a discrete series representation of PGL 2 pRq, respectively Ă SL 2 pRq. Thus, in this case, (1.1) should be interpreted as the local ingredient at the real place of the correspondence due to Shimura, Shintani and Waldspurger between cusp forms of weight 2k and cusp forms of weight k`1 2 . Likewise, two formulae (1.1) and (1.2), with ν " 2it for t real or ν " 2t for 0 ă t ă 1 2 , may be combined to realize the ShimuraWaldspurger correspondence for principal or complementary series representations. See [BM2] .
In the framework of the relative trace formula of Jacquet, the theory in [BM2] along with the corresponding non-archimedean theory in [BM1] is used in [BM3] to produce a Waldspurger-type formula over a totally real number field. It is understood that the right hand side should be in its limit form when the order µ is a half integer. Moreover, the expression in (1.3) is independent of the choice of arg z. We shall prove the following analogue of the formulae of Weber and Hardy (1.1, 1.2). 16y 2 e 2iθ˙, (1.4) with y P p0, 8q and θ P r0, 2πq.
1.3. Remarks. Spherical Bessel functions for SL 2 pCq were first discovered by Miatello and Wallach [MW] in the study of the spherical Kuznetsov trace formula for real semisimple groups of real rank one. Nonspherical Bessel functions for SL 2 pCq were found by Bruggeman, Motohashi and Lokvenec-Guleska [BM5, LG] in generalizing the Kuznetsov trace formula to the nonspherical setting. In an entirely different way, they were recently rediscovered by the author [Qi2] as the GL 2 pCq example of the Bessel functions arising in the Voronoï summation formula for GL n pCq. In general, for µ P C and m P Z, the Bessel function of index pµ, mq is associated with the principal series representation of SL 2 pCq induced from the character χ µ, m˜a a´1¸" |a| 4µ pa{|a|q m . When m " 0, we are in the spherical case. From the viewpoint of representation theory, Bessel functions for GL 2 pCq are defined in parallel with those for GL 2 pRq. The Bessel function attached to an irreducible unitary representation of GL 2 pRq or GL 2 pCq is defined as the integral kernel of a kernel formula for the Weyl element action on the associated Kirillov model. Such a kernel formula for GL 2 pRq and GL 2 pCq lies in the center of the representation theoretic approach to the Kuznetsov trace formula; see [CPS] and [Qi3] . In the case of GL 2 pRq or SL 2 pRq, there are three proofs of the kernel formula in [CPS, §8] , [Mot1] and [BM2, Appendix 2], while the formula for GL 2 pCq or SL 2 pCq and its proofs may be found in [BM4, Mot2] , [BBA] and [Qi2, §17, 18] .
The identity (1.4) may be interpreted from the viewpoint of the Shimura-Waldspurger correspondence between spherical unitary representations of PGL 2 pCq and SL 2 pCq. This will enable us to extend the Waldspurger formula to an arbitrary number field for the spherical case.
Finally, we remark that a similar identity should be expected to hold for nonspherical Bessel functions for PGL 2 pCq. 
Preliminaries on Classical Bessel Functions
pzq denote the three kinds of Bessel functions of order ν and I ν pzq the modified Bessel function of the first kind of order ν.
J ν pzq is defined by the series (see [Wat, 
We have the following connection formulae (see [Wat, 3.61 (1, 2, 3, 4), 3.1 (8), 3.7 (2)]) 8iz`Oˆ1 |z| 2˙˙, of which (2.5) is valid when z is such that´π`δ ď arg z ď 2π´δ, and (2.6) wheń 2π`δ ď arg z ď π´δ, δ being any positive acute angle.
Two Formulae for Classical Bessel Functions
In this section, we shall give two formulae for classical Bessel functions that will be used for the proof of Theorem 1.1.
1 At the time when the first draft for this note was written in February 2015, the author was not able to prove such an identity. The approach presented here fails to work in the nonspherical case because there is no formula for classical Bessel functions that would be of any help. Some other attempts also resulted in failure. Recently, the author proved the general formula in [Qi1] , using an indirect method combining stationary phase and differential equations, along with a radial exponential integral formula. It turns out that the inductive arguments in [Qi1] start from the case m "˘2 but not m " 0 (m even), so the nonspherical case should not be considered as a straightforward extension of the spherical case. if |Re ν| ă 1, | arg p| ă 1 4 π and a ‰ 0. We claim that (3.2) is still valid even if arg p "˘1 4 π in the sense that the left hand side of (3.2) remains convergent and converges to the value on the right.
Since the expressions on both sides of (3.2) are indeed independent on the argument of a modulo π, we shall assume that´1 2 π ă arg a ď 1 2 π. To prove the convergence, we first partition the integral in (3.2) into two integrals over the intervals p0, 1s and r1, 8q respectively. Since |Re ν| ă 1, the first integral is absolutely convergent due to the series expansions of J ν pzq and J´νpzq at zero (see (2.1)). As for the convergence of the second integral, using the connection formulae (2.2), we write in which the integrals converge absolutely whenever | arg p| ď 1 4 π. The convergence of the latter may be proven in the same way. This completes the proof of the convergence.
With the above arguments, it is easy to verify that the left hand side of (3.2) gives rise to a continuous function on the sector p : | arg p| ď Rescaling a by the factor 4π, letting p 2 " 2πe¯1 2 πi c and using the identity (2.4) to turn the I˘ν into J˘ν, the claim above yields the following lemma. 
It is assumed in [EMOT2] that Re ν ą´1 and a, b ą 0. We shall prove however that (3.3) is valid even if Re b ě 0, provided that Re ν ą´1 and a ą 0. Let Re ν ą´1 and a ą 0 be fixed. First of all, the first integral on the left hand side of (3.3) is absolutely convergent for any complex number b, and, if one makes the additional assumption Re b ě 0, then so is the second. The formula (3.3) is a relation connecting functions of b which are analytic on the right half plane tb : Re b ą 0u and extend continuously onto the imaginary axis tb : Re b " 0u, where the principal branch of the square root is assumed on the right hand side. Therefore, by the principle of analytic continuation, (3.3) remains valid whenever Re b ě 0.
We shall be particularly interested in the case when Re b " 0 and |Im b| ď a. With the observation that the first integral in (3.3) is odd with respect to b, along with the identities in (2.3) that connect Y˘1 2 ν with J 1 2 ν and J´1 2 ν , we obtain the following lemma.
Lemma 3.2. Suppose that |Re ν| ă 1, a ą 0 and´a ď c ď a. If we put w "
Proof of Theorem 1.1
With the preparations in the last section, we are now ready to prove Theorem 1.1. Indeed, we shall prove the following reformulation of Theorem 1.1. Proof. Our proof combines the applications of Lemma 3.1 to the radial integral over x and then Lemma 3.2 to the angular integral over φ.
We start with dividing the domain of integration into four quadrants. Indeed, if we substitute φ by φ´θ, partition the domain of φ into four open intervals`0, 1 2 π˘,`1 2 π, π˘, π, The other three integrals that are similar to (4.2) can be computed in the same way. Summing these up, with certain exponential factors combined into sine and cosine, the integral Applying Lemma 3.2 with ν " 2µ, a " 2π{y, c " 2π sin θ{y and w " πe iθ {y, the integral (4.4) is then equal to π cot pπµq 2ˆJ´µˆπ ye iθ˙J´µˆπ ye´i θ˙´J µˆπ ye iθ˙J µˆπ ye´i θ˙˙. Taking into account the factors in front of the integral in (4.3), the proof is now complete.
Q.E.D.
